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R a d i a t i v e  hea t  t r a n s f e r  f o r m u l a s  a r e  d e r i v e d  fo r  an i s o t h e r m a l  l a y e r  of gas  and g r a y  wai l s ;  they a r e  
c o m p a r e d  with p r e v i o u s l y  pub l i shed  f o r m u l a s .  The  me thod  of d e r i v a t i o n  m a k e s  i t  p o s s i b l e  to r e f i n e  the 
f o r m u l a s  obta ined .  

E n g i n e e r i n g  m e t h o d s  of c a l c u l a t i n g  hea t  t r a n s f e r  in f u r n a c e s  and c o m b u s t i o n  c h a m b e r s  with a nongray  gas  a r e  
c h a r a c t e r i z e d  by the a v e r a g i n g  of the gas  t e m p e r a t u r e ;  the gas  v o l u m e  f i g u r e s  as  a s ing le  i s o t h e r m a l  zone.  We 
e x a m i n e  the c a l c u l a t i o n s  for  the c a s e  of a non turb id  gas  be tween  g r a y  wal l s .  The  l i t e r a t u r e  inc ludes  s e v e r a l  d i f f e r e n t  
f o r m u l a s  that  take the m u l t i p l e  r e f l e c t i o n s  of the f luxes  into accoun t  [1-6] ;  ano the r  f o r m u l a  was  r e c e n t l y  p r o p o s e d  in 
[7]. Al l  t he se  f o r m u l a s  a r e  c h a r a c t e r i z e d  by a s e r i o u s  e r r o r  (up to t ens  of p e r c e n t ) ,  and the  p r o b l e m  has  s t i l l  not been 
s a t i s f a c t o r i l y  so lved.  We have  d e r i v e d  g e n e r a l  f o r m u l a s  that  a r e  m o r e  a c c u r a t e  than t hose  p r e v i o u s l y  employed .  

A p l a n e - p a r a l l e l  l a y e r  of gas  be tween  g r a y  w a l l s  is a s y s t e m  op t ima l  in s i m p l i c i t y  and g e n e r a l i t y  and m o s t  
conven ien t  fo r  a c o m p a r i s o n  of d i f f e r e n t  me thods .  T h e  fact  that  the e m i s s i v i t y  e and the quan t i t i e s  d e r i v e d  f r o m  it  
(D and e . )  depend  on the path of  the r a y  and, hence ,  on the m u l t i p l i c i t y  of r e f l e c t i o n s ,  p l a c e s  l i m i t a t i o n s  on the 
m e t h o d s  of d e t e r m i n a n t s  o r  m a t r i x  a l g e b r a .  The  me thod  of m u l t i p l e  r e f l e c t i o n s  i s  m o r e  conven ien t .  

In the c a l c u l a t i o n s ,  we e m p l o y  the c h a r a c t e r i s t i c  of the total  s p e c t r u m  of the gas  e . .  L e t  K(x) be the m e a n  
a b s o r p t i o n  c o e f f i c i e n t  on the path x for  the s e l f - r a d i a t i o n  of  the gas.  Then  the t r a n s m i s s i v i t y  on the i n t e r v a l  x is  equa l  
to D = e x p ( - K x )  and e .  = e(1 - D} -1. As x ~ o ,  but with p r e s e r v a t i o n  of  the va lue  of K r e f e r r e d  to a c e r t a i n  i n t e r v a l  
x l ,  we  obta in  e . ( x  1) ~ e(~) ,  which a l so  de f ines  the phys i ca l  s i g n i f i c a n c e  of a , .  The  quant i ty  e .  is  d e t e r m i n e d  only by 
the a b s o r p t i o n  s p e c t r u m  of the gas  on the i n t e r v a l  xl .  T h e  b lackbody r a d i a t i o n  dens i ty  f r a c t i o n  1 - e .  c o r r e s p o n d s  to 
the s p e c t r a l  window. T h e  funct ion  e , (x)  i s  an i n c r e a s i n g  one. As  x ~ 0, e .  ~ a /K0 ,  w h e r e  K 0 is  the m a x i m u m  
a b s o r p t i o n  coe f f i c i en t .  Th i s  va lue  of e .  is  m i n i m u m .  As  x ~ o ,  e ~ e ~ o ,  and, hence ,  e ,  ~ a m .  It  is  a wide ly  held 
opinion that  the quan t i ty  ~o is  m u c h  l e s s  than unity. A n u m b e r  of s o u r c e s  give func t ions  e~o(T). H o w e v e r ,  i t  is  known 
[8, 9] that  a s  x ~ o  we get  a b s o r p t i o n  by the f a r  wings  of  the s t r o n g  ro t a t i ona l  l i nes ,  i . e . ,  a b s o r p t i o n  in the  s p e c t r a l  
windows.  In a t m o s p h e r i c  op t i c s  an abso rp t i on  c o e f f i c i e n t  fo r  the s p e c t r a l  windows is  i n t roduced  [9]. Then  as  x ~ co 
the quan t i ty  a b e c o m e s  v e r y  c lo se  to unity. A p p a r e n t l y ,  s o m e w h e r e  on the e ( x ) - e u r v e  (nea r  x0) t he r e  is a m a r k e d  
change in the d e r i v a t i v e .  The  v a l u e s  of e~ g iven  in the l i t e r a t u r e  should be unde r s tood  as  the  e m i s s i v i t y  of the i n t e r v a l  

x 0 �9 

Although the quantities e, D, and e, depend on the multiplicity of reflections, to curtail the series it is 
necessary to use certain mean values. In furnace and combustion chamber engineering the reflection coefficients 

usually have values less than 0.3-0.4. Under these conditions the greatest accuracy is required in computing the 

fluxes corresponding to the first and second reflections. 

The calculation reduces to the computation of the dimensionless coefficients Mink , which determine the resultant 

flux for the pair of zones m and k: 

qp~ = ~ (M~,, T~ - -  Mink T~). 

The  to ta l  r e s u l t a n t  f lux of zone m is equa l  to the s u m  of the qpm o v e r  all  the zones  p a r t i c i p a t i n g  in hea t  t r a n s f e r ,  
inc lud ing  the zone m i t se l f .  Denot ing  the s u r f a c e s  by the s u b s c r i p t s  1 and 2, and the  gas  by the s u b s c r i p t  g, we find 
Mg 1. When m u l t i p l e  r e f l e c t i o n s  a r e  taken into accoun t  we have  e l - - t h e  p r i m a r y  f lux inc iden t  on s u r f a c e  1 (at off4g = 1). 
To  this  t h e r e  is  added the f lux elR2D2/D i r e f l e c t e d  f r o m  s u r f a c e  2. The  to ta l  f lux el(1 + R2Dz/D I} beg ins  to unde rgo  
m u l t i p l e  r e f l e c t i o n .  I ts  f i r s t  p r i n c i p a l  p a r t  has  a t r a n s m i s s i o n  ~ the re"  Da/D1, and "back"  Da/D 2 o r  a to ta l  t r a n s m i s s i o n  
t r a n s m i s s i o n  for  the f i r s t  cyc l e  of r e f l e c t i o n s  (Da/Di)(Da/D2) = Da/D 1. 

T h e  second  p a r t  has  a to ta l  t r a n s m i s s i o n  (Da /Da) (DJD a) = D4/D2. We a s s u m e  that:  a) the total  t r a n s m i s s i o n  for  
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both par t s  is equal to D i D  1 as for the f i r s t  cycle;  and b) it is p r e s e r v e d  in the subsequent  re f lec t ion  cycles .  The sum 
of the geomet r i c  p rog re s s ion ,  mult ipl ied by A l, g ives  the r equ i r ed  coeff ic ient  

Mgl = A1 el 1 + Re DJD1 (1) 
1 - -  R1 ReDjD1 

In the p re sence  of mult iple  ref lec t ion ,  it is p r i m a r i l y  the spec t ra l  components with high absorpt ion coeff ic ients  
that d isappear .  This  is manifes ted in the inequality D,~+flD,, ~ D,,/D,~_v Then, the mul t ip l ie r  in the denominator  of Eq. 
(1) - D I D 1  is too low. The quantity Mg 1 is also too low, because  the inc rease  in emiss iv i ty  with elongation of the rays  
in mult iple  re f lec t ion  has not been taken into account. The coeff ic ient  Mg 2 is de te rmined  by s y m m e t r y ,  and Mgg is 
obtained f rom the flux balance 

Mgg= 2 e l - - M g l - - M g e = e  1 
(R1 + Re) (1 - -  DjD1) + 2R1 Re (De - -  D~)/D1 

1 - -  R1 Re D~/D, 

The quantity 2R1R2(D 2 - D3)/D 1 can be d i sca rded  to s impl i fy  the formula ,  and also because  the values of Mg 1 and Mg 2 
a r e  too low. Then there  is a d i sc repancy  in the balance. The express ion  for Mlg is the same as that for  Mg 1 but with 
ag I substi tuted for e l, as r ecommended  by Hottel [3]. In this case,  the quanti t ies  D i and e .  i a re  calculated f rom ag 1 
and are  denoted by a p r ime:  

D~ = (a') -1 (dagl/dX)x=xt , a' = (dagtldx)x=o = a (Tx), e:, = agl/(1 - -Dl)  etc.  

In de te rmin ing  Mlz it is n e c e s s a r y  to take mult iple  re f lec t ion  in the spec t ra l  window and in the spec t rum of the gas 
sepa ra t e ly  into account. Reasoning s im i l a r  to that above gives  

�9 ~/~12 = A1 Ae (1 - - s : , ) ( 1  - -  R1 Re)-' + e~t A1 Ae D; (1 - -R1  Re D~/D;)-L (2) 

The quantity Mll is de te rmined  f rom the flux balance 

Mn = A , - -Mxg- -Mx2  = A2~ R2(1 --s:~) + e:~ A~R~. D; + D'2-- (R~D'3 + D'~)/D; 
1 - -  R1 Re 1 - -  R1 t9,e D3/DI 

The use of the approximate  fo rmulas  obtained encounters  an obstacle  in that the accuracy  of the known functions 
D(x, T) does not sa t is fy  the ca lcula t ion r equ i r emen t s .  To compute D 1 and e,1 (in our notation) Hottel r ecommends  the 
rough fo rmulas  [3] 

2 

D , -  ee 1, e ,1--  
e~ 2el - -  e2 

If the re f lec t ion  coeff ic ients  of these sur faces  a re  high, it is r ecommended  to use quant i t ies  D i and e . i  with a l a r g e r  
subscr ip t  i. They a re  defined in t e r m s  of e I and e3 or  e 1 and e 4. It is p r e f e r ab l e  to define Di and e ,  i in t e r m s  of the 
de r iva t ives  of the function e(x), as in our notation. Nevski i  [5] has given graphs of the function D(T,x) for CO2 and 
H20 on the t empe ra tu r e  in te rva l  400-1200 ~ C. Tables  for CO 2 can be found in [10], which also gives a fo rmula  for 
D(T, x) der ived  f rom Schack ' s  fo rmula  [2] and valid on the in terva ls  0 - x _< 0.4 m .  atm, 200 <__ t _< 2000 ~ C. The 
accu racy  of all  these data is unsa t i s fac tory  at l a rge  optical th icknesses .  The e r r o r  of the ra t ios  Di /D j employed is 
even higher.  The development  of accura te  functions D(x, T) r e q u i r e s  even more  accura te  functions e(x, T). 

Compar i son  of the fo rmulas  der ived.  Monograph [3] gives m o r e  genera l  hea t - t r an s f e r  fo rmulas ,  f rom which our 
coeff ic ients  Mlg and M12 can be der ived.  F o r  compar ison ,  it is n e c e s s a r y  to set  T l = Tg and then a = e. Unfortunately,  
the denomina tors  of the fo rmulas  of in t e res t  to us (4-104) and the f i r s t  t e r m  of fo rmula  (4-105) are  incor rec t .  The 
e r r a t a  sect ion is i t se l f  in e r r o r .  A consis tent  der iva t ion  gives  (in our notation): 

M~g = s, A~ (1 + D~R~)(1 - -  D~Rr R~) -~, 

Mlz = A~ A2 [(1 - -  e, 1) (1 - -  Rt R~) -1 + e,1DI (1 - -  D~ R, R~)-I]. 

(3) 

A compar i son  with (1) and (2) shows that here  D 1 is used instead of D2/D 1 and D~ instead of DJD1,  etc. Table  1 shows 
that the d i f fe rence  between the quant i t ies  compared  is important .  Hottel  uses the method of de te rminants .  The method 
of mult iple  re f lec t ions  is m o r e  flexible.  For  example,  instead of summat ion  with approximate  mean values of the 
t r a n s m i s s i v i t i e s ,  it is poss ib le  to cut off the s e r i e s  obtained af ter  the f i r s t  t e rms .  The e r r o r  is smal l  if R 1 and R 2 a re  
smal l ,  and if x is suff icient ly large.  
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In c o n c l u s i o n ,  we c o m p a r e  e v e n  s i m p l e r  f o r m u l a s  f o r  the  h e a t  t r a n s f e r  b e t w e e n  a g a s  and b o u n d a r y  w a l l s  (R 1 = 
= R 2 = R).  T a b l e  2 g i v e s  v a l u e s  of the  c o e f f i c i e n t s  M a c c o r d i n g  to v a r i o u s  s o u r c e s .  

1141 = 0.5~1(1 + A) acc .  to [1], 

= - -  acc .  to [2], 

M3 = 2sl A (1 -F- A) -1 ace .  to [7], 

M t = e l A ( 1 - - D I R )  -1 ace .  t o E q ,  (3), 

M~ == e, A (I - -  CR) -1 acc .  to Eq.  (1). 

T h e  e x p r e s s i o n s  fo r  the  q u a n t i t i e s  M 2 and  M 4 a r e  s i m i l a r ,  i f  i t  i s  t a k e n  in to  a c c o u n t  t h a t  D -- 1 - s ~ / a .  1. O b v i o u s l y ,  e.1 
i s  i n s u f f i c i e n t ,  and e~  i s  too l a r g e .  T h e r e f o r e ,  M 2 i s  e v e r y w h e r e  too h igh ,  and M 4 i s  e v e r y w h e r e  too low. In o u r  
f o r m u l a  f o r  M 5, C = (D3/D1) 1/2. T h e  v a l u e s  of D i fo r  s m a l l  e w e r e  e s t i m a t e d  f r o m  the  p u b l i s h e d  da ta .  F o r  l a r g e  e t h i s  
i s  not  y e t  p o s s i b l e ,  and  C i s  a d j u s t e d  a c c o r d i n g  to one  of the  v a l u e s  of M 0. In t h i s  e a s e  we h a v e  a good i n t e r p o l a t i o n  
f o r m u l a  fo r  Mlg  w i t h  r e s p e c t  to R. T h e  q u a n t i t i e s  M 0, M 2 and M 3 w e r e  t a k e n  f r o m  [7], w h e r e  the  M 0 a r e  s a i d  to be  the  
m o s t  a c c u r a t e .  We added  the  v a l u e s  of M1, M4 and  M s, t a k i n g  t he  s a m e  v a l u e s  f o r  e(x ' )  a s  in [7]. We d e t e r m i n e d  
v a l u e s  of x ' ( e )  f r o m  n o m o g r a m s  [5] and  t h e n  c a l c u l a t e d  Dl (x ' ) ,  D2(2x') and  D3(3x').  H e r e ,  we i n t r o d u c e d  a n  a d d i t i o n a l  
e r r o r  in  t h a t  the  e f f e c t i v e  p a t h  l e n g t h  a f t e r  the  f i r s t  r e f l e c t i o n  i s  s o m e w h a t  l e s s  t h a n  2x ' ,  a f t e r  d o u b l e  r e f l e c t i o n  l e s s  

t han  3x ' ,  e tc .  

T a b l e  1. T r a n s m i s s i v i t i e s  on the  I n t e r v a l  x in  C a r b o n  D iox ide  
A c c o r d i n g  to the  D a t a  of [10] 

X) 
m �9 a t m  

0.01 
0.01 
0. l 
0.1 

t ,  ~ 

1400 
400 

1400 
400 

D ,  

0.196 
0.109 
0.0453 
0.0149 

Dz 

0.128 
0.0739 
0.0249 
0.0052 

D~ 

0.103 
0.0553 
0.0159 
0.0026 

D , / D I  

0.654 
O. 677 
0.55 
0.35 

' V - D ) ] D t  

0.72 
0.71 
0.59 
0.42 

G i v e n  m o r e  a c c u r a t e  d a t a  i t  i s  p o s s i b l e  d i r e c t l y  to r e l a t e  the  q u a n t i t i e s  C and  e f o r  e a c h  gas .  A v e r y  r o u g h  

a p p r o x i m a t i o n  fo r  a l l  g a s e s  and  e -< 0.4 i s  

0.1 - - l g e  
C - -  

2.1 

N O T A T I O N  

A i and  A 2 a r e  a b s o r p t i o n  c o e f f i c i e n t s  for  g r a y  wa l l s ;  R i = 1 - Ai;  R 2 = 1 - Aa; xj = p/j i s  the  e f f e c t i v e  o p t i c a l  
t h i c k n e s s ,  m .  a tm;  p is  the  p a r t i a l  p r e s s u r e  of a c t i v e  c o m p o n e n t  of ga s ,  a im;  l] i s  the  e f f e c t i v e  t h i c k n e s s ,  m; 
xi = Z.' x/; ~z ~ (zi) is  the  e m i s s i v i t y  of a l a y e r  of t h i c k n e s s  x i (i = 1, 2 . . . .  ); Di(x  i) i s  the  t r a n s m i s s i v i t y  of a l a y e r  of 
t h i c k n e s s  xi; e . i  -= e . ( x  i) i s  the  e m i s s i v i t y  of a h a l f - s p a c e  wi th  m e a n  a b s o r p t i o n  c o e f f i c i e n t  the  s a m e  a s  for  a l a y e r  of 
t h i c k n e s s  xi; M i n k  is  the  m e a n  p r o b a b i l i t y  of a n  e n e r g y  q u a n t u m  b e i n g  e m i t t e d  by zone  m ,  e n t e r i n g  zone  k d i r e c t l y  o r  
i n d i r e c t l y  and  b e i n g  a b s o r b e d  by  zone  k; aT 4 i s  the  b l a c k b o d y  r a d i a t i o n  d e n s i t y ,  W/m2; qp i s  the  r e s u l t a n t  f lux d e n s i t y ;  
a g  1 i s  the  a b s o r p t i o n  c o e f f i c i e n t  of a g a s  wi th  r e s p e c t  to w a l l  r a d i a t i o n ;  a '  and  D~ a r e  e x p l a i n e d  in the  text ;  C i s  the  
m e a n  t r a n s m i s s i v i t y  of a l a y e r  fo r  " t h e r e "  and  " b a c k  ~ r e f l e c t i o n s ;  M o, Mi ,  M2 . . . .  a r e  the  v a l u e s  of M i n k  fo r  a 

c l o s e d  h o m o g e n e o u s  v e s s e l  and  g a s  a c c o r d i n g  to v a r i o u s  s o u r c e s ;  
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Table 2. Comparison of Coefficients M Characterizing the Heat 

Transfer Between a Gas and Boundary Walls From Various 

Published Sources 

H~O I 
x -0 .01m �9 arm I 0.022 
t =1200 ~ C I 

H~O 
x = O . l ' m . a t m  10,305 
t=O~ { 

CO~ / 

x:=O,01m �9 atm[ 0,038 
t=lO0~ i 

CO2+H20 ] 
XCO ~O.08m.atm I 0.275 
X H 3=0.08 m-atm I 

~t-900 ~ C I 

1 
A Mo All ]i M~ Ms 

0 4 0,021 0.0198 0.022 3.0125 0.8 0.018 0.0154 0.02l 3.0195 

/ 

02  0 08410 0.129 ~.,o15 p,o ;83 
01207 01_44 0.249 3.2285 

0.2 0.013 0.023 0.023 D.0126 
0.4 0.021 0,027 0.03i D.0217 
}0.6 0.027 0.030 0.034 D.0285 
0.8 0,033 0,034 0,036 3.0338 

0,2 0,085 0,165 0.130 0.0915 
0.4 0.14010.192 0,194 0.1570 
/0.6i0.190i0,220 0.231 0.2060 
F0.8[ 0,235 [0.250 0.256 0.2445 

0.85 

0.6 

0.018 i 
- -  O. 78 0.0212 

On !0.080 
"a 0,208 

0.014~ 
_ 0 . 0 2 3 ;  

o, o3o~ 
O. 034~ 

Io.072 
0.3 0.134 

i O.  187 
] 0. 234 

0.0165 
0.0208 

I 

0 O. 0083 
0.0162 

~0.1 0.0238 
{0.0301 
{ 
1 
I 
I 
I 
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